(1) P contains c {c -cardinality of Q isomorphism classes of indecomposable subsystems of rank two.
The category of systems contains, in this way, subcategories equivalent to the category of C[ξ]-modules. Probably the most significant difference between the theory of systems and that of modules over a principal ideal domain is the existence of purely simple systems of arbitrary finite rank. This paper is a step in the classification of such systems.
We begin with the simplest case: extensions (V,W) of finite-dimensional torsion-free systems by P = (C[ξ] , C [ζ] ). A formal power series / -ΣJLQ a k ζ k may be regarded as a linear functional on C[£], via l{ζ k ) -a k . UV= C[f ], W = V θ Cw, w ¥= 0, we make (F, W) into a system by setting aζ k = f*, bζ k = ξ k+ι + a k w. This system, denoted by (F, W) h is an extension of (0, Cw) by P. The rank of (V, W) t is 2, as seen in Theorem 3.1 of [6] . It is shown in Theorem 1.13 that any extension of a finite-dimensional indecomposable torsion-free system by P can be put in the above form. This is then used to show in Theorem 1.14 that any extension of a finite-dimensional torsion-free system by P is isomorphic to a subsystem of P. The following results on (V 9 W) / are obtained:
(1) The system (V,W) ι is purely simple if and only if / is not the expansion of a rational function (Proposition 2.3).
(2) If (V 9 W) lχ is isomorphic to (K, W) l2 by (φ, ψ) then for some M, degree φ(/) = degree /for all/in Fwith degree /> Λf (Proposition 3.3).
(3) There exist uncountably many purely simple and nonisomorphic extensions of (0, Cw) by P (Theorem 3.2).
(4) There is a complete set of invariants for decomposable extensions of (0, Cw) by P 9 and there are S o isomorphism classes of such extensions (Theorem 3.8) .
Now let X t = ker/, Y = C[f]. Then (*" F) is a subsystem of (V 9 W\ and a subsystem of P. The following results are obtained:
(1 (3) Every infinite-dimensional subsystem of P of rank two is isomorphic to (X /9 Y) for some appropriate linear functional / on C[f]. The first two results give in Theorem 3.8(b) that P contains uncountably many isomorphism classes of purely simple subsystems of rank two -a far cry from the structure of C[ξ]-submodules of C[f ]. What's more, Theorem 1.14 can be used to show that, for any positive integer n 9 P contains a nonterminating descending chain of purely simple subsystems of rank n. We do only the case n -2.
For all undefined terms on systems we refer to [2] and [6] . §1 develops most of the properties of subsystems of P of finite rank needed in § §2 and 3, which contain our main results. We note that the rank one torsion-free system P is denoted on p. 172 of [6] by P ά9 where β G C 2 , to indicate the dependence of its isomorphism type on the set {aa: EC}. See also p. 285 of [3] . The effect of a change of basis of C 2 on P can be deduced from p. 282 of [1] .
Finally we remark that any algebraically closed field could be used in place of the complex numbers. (φ, (w,) ) is an infinite-dimensional torsion-closed subsystem of (F, W) of rank 1. Hence, it is a pure subsystem of (F, W) by Theorem 5.6 of [2] . We assume the result for integers r, 2 < r < k. Suppose tc (VW) (φ, {w x [4] . Also its rank does not exceed k. On the other hand, if it has a direct summand of type III" 1 , its direct complement is infinite dimensional and of rank not exceeding k -1. By the induction hypothesis, that complement contains an infinite-dimensional pure subsystem of (F, W) of rank not exceeding k -1. D
Subsystems of
We now collect some technicalities in 1.2-1.4 which we shall be using constantly. They can all be deduced from results in [2] and [6] 9 contradicting the hypothesis that (X, Y) is indecomposable. Therefore (X, Y) has no proper pure subsystems, i.e. it is purely simple. The above also shows that if (X, Y) is not purely simple then it has a finite-dimensional direct summand, and so by Theorem 4.3 of [1] , {X, Y) has a direct summand of type III"
1 .
• is infinite-dimensional and purely simple. Since (X ]9 7,) is finite-dimensional it remains only to prove the uniqueness of (X 29 7 2 ). For that we recall that for y E 7, θ G C, and y = y x + y 29 y i e Y i9 i = 1,2, Proof. Let (X 9 7) C P be infinite-dimensional and of finite rank. By
where (X l9 Y x ) is finite-dimensional and (X 29 7 2 ) is purely simple and infinite-dimensional. If rank(X 2 , 7 2 ) is 1, then (X 29 7 2 ) is of type P by 1.4 and Theorem 3.4 of [2] . In that case (X,Y) is trivially an extension of a finite-dimensional system by P. Suppose then that rank(X 29 7 2 ) = r > 1. Let {y }9 y 29 ... ,y r -x } be part of a basis of (X 29 7 2 ) with respect to generation. By Lemma 1. 
Thus (F, WΓ) is embedded in (F', ίF r ) By Lemma 1.11 of [6] , (F', H^r) is also an extension of a system of type III 1 by P. Proof. By 1.12 and 1.13 it is enough to embed the system (V, W), into P. Given (V 9 W\ let a k = l(ζ k ) for k = 0,1,2,..., and let p 0 , P] , p 29 ... be the polynomials recursively defined by p 0 = ξ, p n+λ -ζp n -a n . The mapping (φ, ψ): (F, fF) 7 -> P 9 defined by ψ( w ) = 1, φ(ξ k ) = ψ(^A) = p k for /c = 0,1,2,..., provides a suitable system homomorphism. Indeed φ and ψ are monomorphisms because them's are linearly independent. Also for the base (a, b) in C Proof. Such an extension is isomorphic to some (V 9 W) t by 1.13; and the embedding (φ, ψ): (K, JΓ) -> P of 1.14 is such that
Construction of purely simple subsystems of P. We shall make no distinction between the formal power series / = Σ™ =0 oi k ζ k E C [[ζ] ] and the linear functional on C[ζ] it determines. As in the introduction and §1, the rank two system constructed from / will be denoted by terms on the right-hand side cancel because of (4). Therefore we get p{ζ)/q(ζ) = '(£)/?(£)• Sin^e p{ζ) and q(ζ) are relatively prime we deduce that q{ζ) divides s(ξ) 9 hence q(ζ) divides ^(f). But we had supposed that s{ζ) divided ζ n~m+λ q(ζ). This implies that s(ξ) = ξ u q(ξ), where u < Λ -m + 1. If we had w < /i -/w + 1, then /(fVίf)) = <* n q 0 + a n _ ] q ] + +α n _ w 9 w -0. This is a contradiction because p n φ 0. Therefore s(ζ) -ζ"~m +x q(ζ) = r(f). If Λ < m, we proceed as above. To obtain equations (3) We remark that (b) is merely a restatement of (a), and (a) is well known (see p. 392 of [5] ).
FRANK OKOH AND FRANK A. ZORZITTO
We shall now show that P and {V,W) t share a common subsystem, (X h 7), that reflects important properties of (K, W) { . Let
The system (X h 7), with αx = x, bx = ζx for all x E A" 7 , is a subsystem of P and also a subsystem of (F, W),. If / T^ 0, (X h Y) is a proper subsystem of P. We note that (X h Y) is not isomorphic to the system (X, Y) of Corollary 1.15, even though we do not pursue the matter further here. PROPOSITION 
The system (K, W) t is not purely simple if and only if the following equivalent conditions are satisfied:
(
Proof. The conditions are clearly equivalent. Suppose (K, W) t is not purely simple. Then by 1.14 and 1.10 it contains a subsystem isomorphic to P. This implies, using the system operation in (V,W) h that Ker/ contains a nonzero ideal. Therefore, {X h Y) contains a subsystem isomorphic to P. Conversely, if Ker/ contains a nonzero ideal (/?(£))* then tc ((/ίH/)/ (0, {/>(?)}) would be infinite-dimensional of rank 1; and by Lemma 1.1, the rank two system (F, W) ι would not be purely simple. D From now on we shall assume that all our linear functional are nonzero and all ideals are nonzero C[ξ]-ideals. We want to prove that rank(^, Y) is 2. LEMMA 9 7) is a subsystem of P and X is of codimenson one in 7, then the rank of (X, 7) is two. In particular, the rank of (X h 7), where 7 = C[ξ] 9 is two.
If (X, Y) is a subsystem of P and X is of codimension n in y, then (X, Y) does not have a torsion-closed subsystem of type

Proof. Suppose X contains an ideal (p(ζ)).
Then is an infinite-dimensional subsystem of P of rank 1. By 1.6, P/(X l9 7,),
is pure in (X, 7) . By the definition of purity, (X λ9 7,) is a direct summand of(X 9 Y) with a finite-dimensional complement (X 29 Y 2 ) (say is of type III" 1 . Therefore, rank(X 2 , 7 2 ) -rank( JT,, 7,) = 1. Thus rank(^Γ, 7) = 2.
Suppose X does not contain an ideal. If rank^, 7) > 3 then (X 9 7) contains an infinite-dimensional pure subsystem (X l9 Y,) of rank < 2, by 2.6, since X is of codimension 1 in C [ζ] . By 1.6, P/{X λ9 Y λ ) and (^, Y)/(X V 7j) are finite-dimensional. Therefore (Jf, 7) contains a direct summand of type III m , contradicting Lemma 2.6(b) . So rank(Jf, 7) < 2. If rank(X, 7)= 1, then from 1.4 and Theorem 3.4 of [2] (X 9 Y) is isomorphic to P. This means X would contain a nonzero ideal. Therefore rank(X , 7) (5) we obtain the long exact sequence:
The first entry is 0 because P has no eigenvalues. From the table in [3] , we cull the following: dim Ext(II^, IΠ m ) = 1 and dim Ext(II^, P) = 0. Hence Ext(II^, (X /9 Y)) is also one-dimensional. Namely, all nonsplit extensions are isomorphic.
Let (φ, ψ): . It is nonsplit because it is torsion-free, while 11^ has oc as an eigenvalue. Therefore (£/, Z) is isomoφhic to (F, W) 
.11. If β is a nonzero complex number, l x a linear functional on C[ζ] and l 2 -βl v Then (V, W) lχ is isomorphic to (F, W) h .
Proof. This is immediate from 2.9 because Ker l λ = Ker / 2 . So (X ι , Y) 3. Some invariants. We begin the section with a description of a complete set of invariants for completely decomposable subsystems of P of rank two. PROPOSITION 
The system (X l9 Y) has the form (X
contains the rank one infinite-dimensional subsystem, (AΓ 3 ,13) = tc (^y) (0, {?(?)})• The latter is isomoφhic to P. By 1.1 and 2.7, (A We now turn our attention to purely simple subsystems of P of rank two. The next proposition provides an entering wedge. (6) Also (6) in the domain space of (V,W) l2 . Therefore degree/?" = n and so degree p n+k -n Λ-k for & = 0,1,2, Let m = max{degree/y j -1,...,« -1}. The required M of the proposition is any integer greater than m + n. ϋ Let F be the field Z/2Z and choose a set S of representatives for a basis of the F-vector space Π« F/Θ^F. The set S has the following properties:
(i) Card S = 2*°.
(ii) For S = (j y )J°=o in S the set {y G N: s J = 1} is finite.
(iii) For two distinct elements s, t in S the set {j 6 N: s } φ tj) is infinite.
For any positive integer r put f(r) -Σ'Zl i\ + r, and /(0) = 0. We note that for r > 4, (7) H>/(r).
For each J = (^^Q in S consider the sequence l s9 whose nth term is s r if n -f{r) for some r and is 0 if n Φ f(r) for any r. The set T of such //s is uncountable. 
0)
α *-i,2 = !; «*2 = ° (^ «/ci = °) (ii) a n φ a t2 {one of them is 0 and the other 1).
(iii) for all), k <j < t 9 a jλ = a j2 = 0. PROPOSITION 3.7. 7/7, , / 2 Proof. For any / 0 G T the system (V 9 W) /Q is purely simple. Let (X 09 Y Q ) be a subsystem P isomorphic to (F, W) 1Q9 as in Theorem 1.14. We now show that every purely simple subsystem of P of rank 2 contains a proper purely simple subsystem (X k + X9 Y k +\) also of rank 2. By Lemma 3.9 (X k9 Y k )
is infinite-dimensional. Therefore by Proposition 1.11 it is isomorphic to an extension of a finite-dimensional system by P. Since (X k9 Y k ) and P are of respective ranks 2 and 1, the finite-dimensional system is of rank 1. Therefore (X k9 Y k )is an extension of a system of type III" 1 by a system isomorphic to P. So by Theorem 1.13 there is an isomorphism (φ, ψ): (V 9 W) ι -> (X k9 Y k ) for some (V 9 W) ( 
